In this paper, we study the rank polynomial of the distributive lattice of order ideals of fences and crowns. In particular, we prove the unimodality of these polynomials, we ÿnd their generating functions and we show that they can be expressed in terms of Chebyshev polynomials. Moreover, we obtain combinatorially an explicit formula for the Whitney numbers. Finally, we ÿnd generating functions and recurrences for the sequences of the maxima of such numbers.
Introduction
We recall [12] that a ranked poset is a poset P with a function r : P → N, called rank, such that r(y) = r(x) + 1 for all elements x; y ∈P with x covered by y. When P is ÿnite, the function r is usually chosen so that the minimal elements have rank 0. The height of P is its maximum rank.
The Whitney number W k (P) of a ranked poset P is the number of all the elements of rank k and the rank polynomial of P is the polynomial W (P; q) which has these numbers as coe cients, i.e. W (P; q)= k¿0 W k (P)q k :
As it is well known, the set J(P) of all order ideals of a poset P, ordered by inclusion, is a distributive lattice. If P is ÿnite, then J(P) is ranked with height |P| and its rank polynomial is monic with degree |P|. We also recall [2, 11] that the fence, or zigzag poset, of order n is the poset Z n = {x 1 ; x 2 ; : : : ; x n } in which x 1 ¡x 2 ¿x 3 ¡ · · · are the cover relations, while the crown of order n is the poset C n = {x 1 ; : : : ; x 2n } in which the cover relations are given by x 1 ¡x 2 ¿ · · · ¡x 2n ¿x 1 .
Since the size of J(Z n ) is the Fibonacci number f n , we call J(Z n ) the Fibonacci lattice of order n. Similarly, since the size of J(C n ) is the Lucas number l 2n , we call J(C n ) the Lucas lattice of order n.
Note that, as proved in [6] , the simple graph underlying the Hasse diagram of J(Z n ) is isomorphic with the Fibonacci cube n , which is the graph whose vertices are the binary strings of length n without two consecutive ones and whose edges are the pairs of vertices with unitary Hamming distance. An analogous result holds for the graph underlying the Hasse diagram of J(C n ) which, as proved in [13] , turns out to be isomorphic with the Lucas cube L n , which is deÿned as n except for the fact that the vertices are now the binary strings of length n without two consecutive ones mod n. Many properties of these graphs have been established by the authors in [3, 8, 9] .
In this paper, our aim is to study the rank polynomial of Fibonacci and Lucas lattices. In Section 2 we ÿnd, in a combinatorial way, some recurrences for the rank polynomials and the Whitney numbers. In Section 3 the recurrences established in the above section are used to prove, by induction, the rank-unimodality of these lattices. This property can be also obtained as a consequence of the existence of a nested chain decomposition of such lattices [4] . In Section 4 we ÿnd the geometric formal series for the rank polynomials, i.e. for the Whitney numbers. Moreover, we show that the rank polynomials can be expressed in terms of Chebyshev polynomials. In Section 5, by interpreting ideals as particular multisets we obtain an explicit formula for the Whitney numbers and for the total numbers of elements by means of the Principle of Inclusion-Exclusion. Finally, in Section 6 we determine the geometric formal series and the recurrences for the sequences of maximum values of the Whitney numbers.
Rank polynomials of Fibonacci and Lucas lattices
Let F n (q) := W (J(Z n ); q) and C n (q) := W (J(C n ); q) be the rank polynomials of the Fibonacci lattice J(Z n ) and of the Lucas lattice J(C n ), respectively. So, by setting f n; k := W k (J(Z n )) and c n; k := W k (J(C n )) for the Whitney numbers, we have
The polynomials F n (q) and C n (q) are monic, and have degree n and 2n, respectively. Proposition 1. The Whitney numbers of J(Z n ) satisfy the recurrence
and the rank polynomials satisfy the recurrence
Proof. The ideals of Z 2n+2 are partitioned according as they contain or not the element x 2n+2 . Those which do not contain x 2n+2 are all the ideals of Z 2n+1 , while those which contain x 2n+2 are all of the form I ∪{x 2n+1 ; x 2n+2 } with I ideal of Z 2n . Similarly, the ideals of Z 2n+3 are partitioned according as they contain or not x 2n+3 . The former are of the form I ∪{x 2n+3 } where I is an ideal of Z 2n+2 , the latter are the ideals of Z 2n+1 .
Proposition 2. The rank polynomials F n (q) satisfy the identities
Proof. Consider the fence Z 2m+2n+3 and its element x 2m+2 . J(Z 2m+2n+3 ) is partitioned into two classes. The ÿrst class is made of the ideals which do not contain the element x 2m+2 and is equivalent to J(Z 2m+1 )×J(Z 2n+1 ). The second class is made of the ideals containing x 2m+2 , which are of the form I 1 ∪{x 2m+1 ; x 2m+2 ; x 2m+3 }∪I 2 where I 1 is equivalent to an ideal of Z 2m and I 2 is equivalent to an ideal of Z 2n . Hence, the ÿrst identity. In order to obtain the second identity, consider the fence Z 2m+2n+5 and its element x 2m+3 . Again J(Z 2m+2n+5 ) is partitioned in two classes. The ÿrst class is made of the ideals which contain the element x 2m+3 and is equivalent to J(Z 2m+2 ) ×J(Z 2n+2 ). The second class is made of the ideals which do not contain the element x 2m+3 , and so neither the elements x 2m+2 ; x 2m+4 , and is equivalent to J(Z 2m+1 ) ×J(Z 2n+1 ).
In particular, for m = n the previous identities become
Proposition 3. The Whitney numbers f n; k satisfy the recurrence f n+4; k+2 = f n+2; k+2 + f n+2; k+1 + f n+2; k − f n; k ;
and the rank polynomials F n (q) satisfy the recurrence
Proof. Consider the fence Z n+4 and the ÿrst element x 1 . Given an ideal I we have the following cases: (i) I contain neither x 1 nor x 2 and so it is an ideal of Z n+4 \{x 1 ; x 2 } Z n+2 ; (ii) I contain x 1 but not x 2 and so I \{x 1 } is again an ideal of Z n+4 \{x 1 ; x 2 }; (iii) I contain x 1 and x 2 and so I \{x 1 ; x 2 } is an ideal of Z n+4 \{x 1 ; x 2 } which contain x 3 ; since the ideals of Z n+4 \{x 1 ; x 2 } which do not contain x 3 neither contain x 4 , they are equivalent to the ideals of Z n . This yields identity (9) and the relation
which is exactly the identity (10).
Proposition 4. Let Z * n be the dual poset of the fence Z n . The rank polynomials of J(Z n ) and J(Z * n ) satisfy the identities
Proof. The ÿrst identity follows from the fact that the number of ideals with k elements of Z * n is f * n; k = f n; n−k . The second identity is a consequence of the self-duality of Z 2n . The remaining identities can be obtained in a combinatorial way as above by considering ideals according as they contain or not the element x 1 , or can be formally deduced by (3), (4) and (11).
Proposition 5. The Whitney numbers of J(C n ) satisfy the identities
and the rank polynomials C n (q) satisfy the identities
Proof. The ideals of C n+2 are partitioned into those which do not contain the element x 2n+4 and into those which contain it. The ÿrst ones are equivalent to the ideals of Z 2n+3 , while the second ones are of the form I ∪{x 1 ; x 2n+3 ; x 2n+4 } where I is an ideal of C n+2 \{x 1 ; x 2n+3 ; x 2n+4 }, which is isomorphic with Z * 2n+1 . Hence, the identities (15) and (18).
The ideals containing x 2n+4 can be also characterized in the following way. By removing x 2n+4 and identifying x 2n+3 with x 1 we obtain a new poset isomorphic to C n+1 and our ideals become the ideals of C n+1 containing x 1 . Clearly, these ideals are all the ideals of C n+1 except those which do not contain x 1 (and therefore x 2 and x 2n+2 ), which are equivalent to the ideals of Z 2n−1 . In conclusion, we have a bijection between the set of all the ideals of C n+2 containing x 2n+2 and J(C n+1 )\J(Z 2n−1 ). This yields the identities (16) and (19).
Finally, identity (20) can be easily derived from (13), (18) and (3).
Since the crown C n is self-dual, also the lattice J(C n ) is self-dual and c n; k = c n; 2n−k .
Rank-unimodality
We recall [1] that a sequence {a 0 ; a 1 ; : : : ; a n } of (positive) real numbers is unimodal when there exists an index k such that
The maximum element a k is the mode. A polynomial P(q) = a 0 + a 1 q + · · · + a n q n is unimodal when the sequence of its coe cients is unimodal. A ranked poset is rank unimodal when the sequence of its Whitney numbers is unimodal [12] .
A sequence {a 0 ; a 1 ; : : : ; a n } is symmetric when a n−k = a k for every k = 0; 1; : : : ; n. A ranked poset is rank symmetric when its Whitney numbers form a symmetric sequence.
Theorem 6. The Fibonacci lattices J(Z n ) are rank unimodal with mode at level n=2 . Moreover, J(Z n ) is rank symmetric whenever n is even.
Proof. We have to prove that the sequence {f n; 0 ; f n; 1 ; : : : ; f n; n } is unimodal with maximum value at k = n=2 , for each natural number n.
The property is satisÿed for each n612, as one can immediately see from the table in Fig. 1 . We now proceed by induction on n. Let us assume the unimodality of the sequence {f m; k } k with maximum value at k = m=2 , for all m62n − 1, that is f m; k 6f m; k+1 for 06k¡ m=2 and f m; k ¿f m; k+1 for m=2 6k¡m. Our aim is to prove the unimodality for m=2n and m = 2n + 1. We begin by proving that the sequence {f 2n; k } k is unimodal with maximum value at k = n. As a consequence of (11) and (12) such a sequence is symmetric. Let us consider the inequality f 2n; k 6f 2n; k+1 which, by (1) , is equivalent to the inequality f 2n−1; k + f 2n−2; k−2 6f 2n−1; k+1 + f 2n−2; k−1 ; which holds for each k¡n − 1, since by induction f 2n−1; k 6f 2n−1; k+1 and f 2n−2; k−2 6 f 2n−2; k−1 whenever k¡n − 1.
Similarly, the inequality f 2n; k ¿f 2n; k+1 is equivalent, by (1), to the inequality
which holds for each k¿n, since again by induction we have f 2n−1; k ¿f 2n−1; k+1 and f 2n−2; k−2 ¿f 2n−2; k−1 whenever k¿n. It remains to study the cases for k = n − 1 and k = n, that is the inequalities f 2n; n−1 6f 2n; n and f 2n; n ¿f 2n; n+1 . Yet, by the symmetry of the coe cients f 2n; k , we have f 2n; n−1 =f 2n; n+1 and so we have only to prove the inequality f 2n; n−1 6f 2n; n which, by (1) , is equivalent to the inequality f 2n−1; n−1 + f 2n−2; n−3 6f 2n−1; n + f 2n−2; n−2 ; which, by (2) , is equivalent to the inequality f 2n−2; n−2 + f 2n−3; n−1 + f 2n−2; n−3 6f 2n−2; n−1 + f 2n−3; n + f 2n−2; n−2 :
By symmetry we have f 2n−2; n−3 =f 2n−2; n+1 and so the above inequality becomes f 2n−3; n−1 + f 2n−2; n+1 6f 2n−2; n−1 + f 2n−3; n ; which, by (1) 
Now we have to prove the unimodality of the sequence {f 2n+1; k } k . By (2) the inequality f 2n+1; k 6f 2n+1; k+1 is equivalent to the following one:
which holds for each k¡n − 1, since by induction we have f 2n; k−1 6f 2n; k and f 2n−1; k 6 f 2n−1; k+1 whenever k¡n − 1.
Similarly the inequality f 2n; k ¿f 2n; k+1 holds for all k¿n, since f 2n; k−1 ¿f 2n; k and f 2n−1; k ¿f 2n−1; k+1 whenever k¿n.
So it remains to study the cases for k = n−1 and k = n. This time, however, they are not equivalent. For k =n − 1 we have the inequality f 2n+1; n−1 6f 2n+1; n , which, by (2) , is equivalent to the inequality f 2n; n−2 + f 2n−1; n−1 6f 2n; n−1 + f 2n−1; n :
Since f 2n; n−2 = f 2n; n+2 , the above inequality becomes f 2n−1; n+2 + f 2n−2; n + f 2n−1; n−1 6f 2n−1; n−1 + f 2n−2; n−3 + f 2n−1; n :
Since f 2n−2; n−3 = f 2n−2; n+1 , we obtain the inequality f 2n−1; n+2 + f 2n−2; n 6f 2n−2; n+1 + f 2n−1; n ; which, by (2) , is equivalent to f 2n−2; n+1 + f 2n−3; n+2 + f 2n−2; n 6f 2n−2; n+1 + f 2n−2; n−1 + f 2n−3; n or f 2n−3; n+2 + f 2n−2; n 6f 2n−3; n + f 2n−2; n−1 and this inequality is true, since by induction we have f 2n−3; n+2 6f 2n−3; n , and f 2n−2; n 6f 2n−2; n−1 .
Finally, let us consider the case k = n. The inequality f 2n+1; n ¿f 2n+1; n+1 , is equivalent, by (2) , to the inequality f 2n; n−1 + f 2n−1; n ¿f 2n; n + f 2n−1; n+1 :
Since f 2n; n−1 = f 2n; n+1 , the above inequality becomes f 2n−1; n+1 + f 2n−2; n−1 + f 2n−1; n ¿f 2n−1; n + f 2n−2; n−2 + f 2n−1; n+1 ; that is f 2n−2; n−1 ¿f 2n−2; n−2 which is true by induction. Theorem 7. For every n = 2, the Lucas lattices J(C n ) are rank unimodal with mode at level n. J(C n ) is always rank symmetric.
Proof. We have to prove that the sequence {c n+2; 0 ; c n+2; 1 ; : : : ; c n+2; 2(n+2) } is unimodal with maximum value at k = n + 2, for each positive natural number n. As one can immediately see from the table in Fig. 2 , this is true for 36n65.
From the symmetry of the coe cients c n; k , we have only to prove the inequality c n+2; k 6c n+2; k+1
for every 06k6n + 1. For k¡n + 1, relation (15) implies that (21) is equivalent to the inequality
which is true, since by Theorem 6 we have f 2n+3; k 6f 2n+3; k+1 and f 2n+1; 2n+1−(k−3) 6 f 2n+1; 2n+1−(k−2) . It remains to prove that c n+2; n+1 6c n+2; n+2 or equivalently (by the symmetry of the coe cients) c n+2; n+3 6c n+2; n+2 . By (15), this last inequality is equivalent to
which, by (2) , is equivalent to the inequality
which, by (1) , is equivalent to the inequality f 2n+1; n+2 + f 2n; n + f 2n+1; n+3 + f 2n+1; n+1 6 f 2n+1; n+1 + f 2n; n−1 + f 2n+1; n+2 + f 2n+1; n+2 or f 2n; n + f 2n+1; n+3 6f 2n; n−1 + f 2n+1; n+2 :
Again by (2), we obtain f 2n; n + f 2n; n+2 + f 2n−1; n+3 6f 2n; n−1 + f 2n; n+1 + f 2n−1; n+2
and by (1) we have f 2n−1; n + f 2n−2; n−2 + f 2n−1; n+2 + f 2n−2; n + f 2n−1; n+3 6f 2n−1; n−1 + f 2n−2; n−3 + f 2n−1; n+1 + f 2n−2; n−1 + f 2n−1; n+2 :
By (2) we have f 2n−2; n−1 + f 2n−3; n + f 2n−2; n−2 + f 2n−2; n + f 2n−2; n+2 + f 2n−3; n+3 6f 2n−2; n−2 + f 2n−3; n−1 + f 2n−2; n−3 + f 2n−2; n + f 2n−3; n+1 + f 2n−2; n−1 ;
that is f 2n−3; n + f 2n−2; n+2 + f 2n−3; n+3 6f 2n−3; n−1 + f 2n−2; n−3 + f 2n−3; n+1 :
Since f 2n−2; n+2 = f 2n−2; n−4 6f 2n−2; n−3 , f 2n−3; n+3 6f 2n−3; n+1 and f 2n−3; n 6f 2n−3; n−1 , the above inequality is satisÿed.
Formal series for the rank polynomials
In this section, we will ÿnd the formal power series for the rank polynomials of and Lucas lattices. Let A n (q):=F 2n (q) and B n (q):=F 2n+1 (q). The recurrence (10) immediately yields the recurrences
In order to determine the series
we recall [10] that the incremental ratio of a formal power series S(x) = n¿0 s n x n is the series
Therefore, from the above recurrences we obtain the equations
Since the initial conditions are
it is straightforward to obtain the series
Let now F(q; x) be the geometric formal series for the polynomials F n (q). Then,
and so
For the polynomials F * 2n+1 (q) we have the formal series
that is
Therefore, from (18), we have the equation
By extending recurrences (3) and (4) to negative integers, from (18) we obtain the (formal) initial condition C 0 (q) = 2. On the other hand, we have the (combinatorial) initial condition C 1 (q) = 1 + q + q 2 . Hence, from the above equation, we obtain the series
We conclude this section with the following:
Theorem 8. The rank polynomials of Fibonacci and Lucas lattices have the following expressions:
where T n (t) and U n (t) are Chebyshev polynomials of the ÿrst and the second kind, respectively.
Proof. We recall that the geometric formal series of the Chebyshev polynomials are
Hence, from
we obtain identities (27) and (29). Finally, since F 2n+1 (q) = F 2n+2 (q) − q 2 F 2n (q), we have identity (28).
Whitney numbers of J(Z 2n )
In this section, our aim is to obtain, in a combinatorial way, an explicit expression for the Whitney numbers of J(Z 2n ). We recall some deÿnitions [10, 11] . A multiset on a set S is a function : S → N, where N is the set of the natural numbers; (x) is the multiplicity of the element x ∈S; the order of is the sum of all the multiplicities, that is
A 2-ÿltering multiset on S is a multiset such that (x)62, for each x ∈S. We write M n; k is given by the trinomial coe cient ( n; 3 k ) (see [2] ). The combinatorial meaning of these numbers immediately implies the identity
First we give a combinatorial interpretation of the ideals of the fence Z 2n in terms of a suitable kind of multisets on [n] . Then, by means of this interpretation, we ÿnd the numbers f 2n; k using of the Principle of Inclusion-Exclusion. For simplicity we write x 1 ; : : : ; x n for the elements of rank 0 of Z 2n and y 1 ; : : : ; y n for those of rank 1, so that y i covers x i and x i+1 for 16i6n − 1 and y n just covers x n .
To an ideal I of Z 2n we associate the multiset on [n] deÿned by
Clearly, I is an ideal of Z 2n if and only if is a 2-ÿltering multiset on [n] satisfying the following property: if (i) = 2 then (i + 1) = 0, for every i = 1; 2; : : : ; n − 1. So we have a bijection between J(Z 2n ) and the set of all these multisets, where an ideal of size k corresponds to a multiset of order k.
We can now obtain the Whitney numbers of J(Z 2n ) by means of the Principle of Inclusion-Exclusion. Let A i be the set of all the 2-ÿltering multisets of order k on [n] such that (i) = 2 and (i + 1) = 0. Therefore, f n; k = |A 1 ∩ · · · ∩ A n−1 | and, by the Sylvester formula,
If S contains two consecutive elements, then the intersection i∈S A i is empty. Indeed, if j; j + 1∈S then for each in such an intersection we should have 0 = ( j + 1) = 2 which is impossible. We say that S is a scattered subset if it does not contain two consecutive elements. So the sum in the above identity runs just over the scattered subsets of [n − 1].
On the other hand, if S is a scattered subset of [n − 1], then each ∈ i∈S A i is deÿned on i and i + 1, for each i ∈S. Hence, is equivalent to an arbitrary 2-ÿltering multiset on 
Consider now the crown C n . Again we represent ideals of C n as 2-ÿltering multisets on [n] such that if (i) = 2 then (i + 1) = 0, for every i = 1; 2; : : : ; n (where i + 1 = 1 when i =n).
Let A i be deÿned in a similar way as before. Then
This time the intersection i∈S A i is empty whenever S contains two consecutive elements mod n.
On the other hand, if S does not contain two consecutive elements mod n, then as before we have 
−2t
of which only z + → 0 as t → 0. Therefore, by the residue theorem, we have n¿0 f 2n; n t n = lim
that is n¿0 f 2n; n t n = 1
Exactly as before we obtain the following formal series for the sequence {f 2n+1; n } n = {1; 2; 3; 7; 17; 40; 97; 238; 587 : : :} of maximum Whitney numbers of Fibonacci lattices of odd index n¿0 f 2n+1; n t n = 1 + 2t
Finally, for the sequence {c n; n } n ={ 2; 1; 1; 4; 9; 21; 52; 127; 313; 778; : : :} of maximum Whitney numbers of Lucas lattices we get the series 
Let P(t), Q(t) and R(t) be the series (34), (35) and (36), respectively. Moreover, let p n := f 2n; n , q n :=f 2n+1; n and r m :=c n; n . For the series P(t), Q(t) and R(t) we have the relations 2tQ(t) = (1 + 2t 2 − t 3 )P(t) − 1 + t;
2tR(t) = 1 + (1 − t 2 )P(t);
which yield the identities (for n¿2) 2q n = p n+1 + 2p n−1 − p n−2 ; r m = p n − p n−2 :
By di erentiating (34), one obtains the identity (1 − 2t − t 2 − 2t 3 + t 4 )P (t) = (1 + t + 3t 2 − 2t 3 )P(t);
which yields the recurrence np n − (2n − 1)p n−1 − (n − 1)p n−2 − (2n − 3)p n−3 + (n − 2)p n−4 = 0 for every n¿4.
